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Abstract












positive integers, and give its integral representation.
1. Introduction and Preliminaries
In the paper [15], Sun states and proves the following new lemma.




















Sun’s proof relies on a known identity and induction. The induction proof is
perfectly valid; however, it does not shed light on how and if (1) may be generalized.
In this paper we give an integral representation for the left-hand side of (1) and
then generalize the result in various directions. For the sake of completeness we
first highlight the induction proof as given in [15].
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k + n+ 1
k
￿
 = 1(n+ 1)2



























Therefore (1) follows by induction.
In this paper we shall give a different proof of (1), then generalize the result, and
also give integral representations of the specified sums. These results will in turn
allow for stronger results on the congruences of similar sums. First we give some
definitions which will be useful throughout this paper.
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and the nth harmonic number for α = 1 is:









= γ + ψ (n+ 1) ,










= −ψ (1) ≈ 0.5772156649.......
Let C be the set of complex numbers, R the set of real numbers and N the set of




Γ(n) = w(w + 1)....(w + n− 1), for n ∈ N
1, for n = 0
, (2)
where Z−0 denotes the set of non-positive integers, and the Gamma and beta func-




wz−1e−wdw, for Re (z) > 0,
and
B (s, z) = B (z, s) =
￿ 1
0
ws−1 (1− w)z−1 dw = Γ (s)Γ (z)
Γ (s+ z)





Γ (z + 1)
Γ (w + 1)Γ (z − w + 1)
for z and w non-negative integers, where Γ (x) is the Gamma function. The















1− t dt, k ∈ N, (3)








INTEGERS: 13 (2013) 4
We also recall the relation for m = 1, 2, 3, ...,
H(m+1)z−1 = ζ (m+ 1) +
(−1)m
m!
ψ(m) (z) . (4)
There are many results of the type (1) for finite, infinite and alternating sums.
For example see [1], [2], [3], [5], [6], [7], [8], [9], [10], [11], [16], [18] and references
therein.
2. Generalizations
The next lemma deals with an alternative proof of (1) from which more generalized
identities can be ascertained.












(1− x)n (1− (xy)n)
1− xy dydx (5)
















































which can be easily shown by multiplying the previous equation by k + i and then


















k2 (k + j)



































































￿ + (Hn)2 −H(2)n .




















































are the unsigned Stirling numbers of the first kind (see [17]). Also from
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Γ (k)Γ (n+ 1)Γ (k)Γ (m+ 1)

























and putting m = 0 we arrive at (5).








￿ = ζ (2)−H(2)n − 3F2
￿
1, n+ 1, n+ 1








from which we see:
3F2
￿
1, n+ 1, n+ 1





















2, 2 + n
￿￿￿￿￿ 1
￿







￿ ·, ·, ·, .....
·, ·, ·, .....
￿￿￿￿￿ 1
￿
is the hypergeometric function. Also from (5), we ob-










ln (1− x) (1− (xy)n)
1− xy dydx.
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The next lemma deals with the derivatives of binomial coefficients.

































x+ 1, ......, x+ 1, 1− p




For x = 0,










= (−1)q q! p q+2Fq+1

(q+1)−terms￿ ￿￿ ￿
1, ......, 1 , 1− p




Proof. A proof and the following examples have been given in [12].
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Now we list some particular cases of Lemma 4:

































(r + x) (s+ x)
￿
,








































































In the special case when x = 0 we may write:






Q(3)(p, 0) = −
￿
H(1)p


















+ 6H(4)p . (11)
We can generalize (5) as follows.

























































2, ......, 2￿ ￿￿ ￿
(m−1)−terms











1 + n, ......, 1 + n
2 + n, ......, 2 + n￿ ￿￿ ￿
(m−1)−terms
, 2 + 2n
￿￿￿￿￿￿￿￿￿ 1
 .
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where the last sum is defined in Lemma 4, and hence equals
n￿
r=1







arriving at the result (13). The integral (12) is obtained in the same way as was
done in Lemma 2.
Some illustrative cases follow.








1− n+ 1￿ 2n
n
￿



















































1, 1, 1, 1, 1








￿ 5F4 ￿ 1, 1 + n, 1 + n, 1 + n, 1 + n












￿ = n (13n+ 27)
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￿ = ζ (2)−H(2)n .
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